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1. 

Vibration analysis of high speed and light weight mechanism systems must consider the
mechanisms as elastic bodies in order to accurately predict their performance of specified
functions. A general model to describe the elastic motion of a mechanism can be properly
established with the use of standard spatial finite element methods, which results in a set
of second order differential equations. A common assumption in this procedure is that the
total motion is comprised of an elastic motion superposed onto the rigid body motion.
As a result, the equations of elastic motion have as an important feature time dependent
coefficients. If the effects of non-linear elastic deflections and/or non-linear joint
characteristics (e.g., clearances) are considered, the equations of motion will be non-linear
[1].

The problem of a numerical solution for the formulated differential equations has been
the focus of extensive research in the field of dynamics of mechanisms [2]. The dynamic
response of a flexible mechanism can be viewed as a transient response and a steady state
response. A class of methods for the dynamic analysis is based on the classical numerical
integration techniques such as the fourth order Runge–Kutta method and the Newmark
method [1, 2]. These methods can be made general and flexible for an initial value problem.
They are, however, inefficient for the purpose of steady state response.

Another class of methods were developed for the linear systems. In an algorithm
presented in reference [3], the time domain is divided into a series of subintervals, in which
the coefficient matrices are approximated to be constant. Within each subinterval, a modal
analysis approach can be applied, and the transient response can be found step by step.
A closed form solution procedure is also devised for the steady state response by applying
the boundary conditions for periodic motions and by solving a set of linear algebraic
equations [4]. This algorithm is further modified in reference [5] with improved
computational efficiency. A similar algorithm for steady state response is also proposed
in reference [1] based on a multi-step integration scheme. This class of methods cannot
be directly applied to solve the non-linear problems.

This paper presents a new algorithm for solving the general dynamic response of flexible
mechanisms. The algorithm is in the same spirit of time domain discretization as of
reference [3], but it uses an entirely different scheme. The proposed method is based on
a variational approach and employs temporal finite elements. The governing differential
equations of motion with time-varying coefficient matrices are first transformed into a
weighted integral form in an application of Hamilton’s principle. Then the equations of
the weak form are discretized in the time domain by applying the finite element in time
method. The final set of algebraic equations are obtained, describing system response in
terms of a set of temporal nodes of all spatial degrees of freedom of the system.
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The finite element in time (FET) method offers several potential advantages. Because
the solution is sought by propagation through the time elements, the resulting algebraic
system is block-diagonal and therefore can be solved efficiently. Solution procedures are
formulated to obtain both transient and steady state solutions. Stability of the system can
be readily determined by applying Floquet’s theory, since the required transition matrix
is a byproduct of the solution procedure. In addition, non-linearities can be included in
the FET formulation for general non-linear problems.

2.    

A linkage mechanism generally consists of links which are connected by joints (revolute
or prismatic) and permits large motion between the links (Figure 1). The links are usually
considered to be rigid if they operate at low speeds. At higher speeds, effects of mass
distribution and elasticity become significant. For such mechanisms, design procedures
must account for the elastic motion of links. The analytical model used in a design must
include the mass, stiffness, and damping characteristics, the external loading, and the
characteristics of the joints. The analytical models do not admit closed form solutions so
approximate solutions must be obtained by a numerical technique such as the spatial finite
element method [2, 3, 6–8]. The literature in this field is huge and a representative set of
the works are reviewed in references [2, 9, 10].

The spatial finite element method has become a standard technique for analysis of a
flexible mechanism. To describe it briefly, the absolute motion of each link is decomposed
into the rigid body motion upon which is superimposed the elastic motion. The rigid body
motion is treated as being governed only by the dynamics of the ideal rigid link, while the
elastic motion is measured relative to a moving co-ordinate system fixed in the rigid link
to account for elastic effects [9, 6]. For a large class of elastic mechanisms such as a four-bar
crank rocker with a large flywheel at the crank, experimental investigations have validated
that the rigid link motion is not influenced by the elastic motion [6, 11]. Assuming the
driving link to be moving with a constant angular velocity v, the dynamics of the
mechanism can be described by a set of second order ordinary differential equations
[2, 6, 9]

M(t)ü+C(t)u̇+K(t)u= f(t), (1)

where u denotes the elastic motions of all the spatial degrees of freedom (m), and f is the
forcing vector containing all rigid body inertia forces and externally applied forces and
movements M, C, and K are time-varying dynamic matrices. The equations are linear with
time-dependent coefficients and loading. This is the class of mechanisms to be discussed
in this paper.

Figure 1. An elastic four-bar linkage mechanism.
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Figure 2. Time finite elements and temporal nodes.

3.     

The equations of motion (1) are said to be in explicit form due to the expression for
absolute acceleration. If one wishes to determine an approximate solution of the equations,
a weak formulation based on weighted integral statements of the equations may be derived
and a variational method can be used for approximation [12]. This would avoid the
complexities associated with the explicit form. The principle of virtual work, or Hamilton’s
principle, is one such weak formulation. There has been an extensive discussion in the
literature concerning the use of a weak form as an alternative to numerical solutions of
dynamics problems [13, 14].

The Hamilton’s weak principle is expressed in the virtual energy form

g
tF

tI

duT(Mü+Cu̇+Ku− f) dt=0. (2)

Integrating the first term of the integrand by parts gives the reduced form

g
tF

tI

{du̇T(Mu̇)+ duT[−Cu̇−Ku]+ duTf} dt= duTp=tFtI , (3)

where p=Mu̇ defines the set of momenta. This equation of weak form describes the real
motion of the system between the two known time instants tI and tF . Here, p appears only
as a discrete quantity at the ends of the time interval, allowing it to be found without
differentiation of u. This equation is said to be in displacement form because it only
involves the variation of u [13, 15].

The use of the finite element method is the most powerful tool for an easy approximation
of the variational equation (3). For the analysis, the time interval T= tF − tI is divided
into a finite number (n) of time elements, usually equally spaced for convenience, as
illustrated in Figure 2. Similar to the standard finite element technique in spatial
discretization, a set of nodal displacements Ui for each time element i are defined and the
displacement u and velocity u̇ within the element are interpolated among the nodal
displacements Ui by using standard shape functions, for example, the Lagrange’s
polynomials, as

u(t)=Ni (j)Ui and u̇(t)=N� i (j)Ui , (j=(t− ti )/(ti+1 − ti ), i=1, 2, . . . , n), (4)

where the (m×m(k+1)) matrix N for the elemental shape function has (k+1)
components of polynomial function if the order of interpolation is chosen to be k. That
is,

Ui = {uT
1
, . . . , uT

k+1}T
i , N=[N1I, . . . , Nk+1I], N� = [N� 1I, . . . , N� k+1I], (5–7)
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where I is an identity matrix having size m, the total spatial degrees of freedom of the
system. Correspondingly, the nodal displacement vector Ui has (k+1) temporal
components for each spatial degree of freedom and for each time element. The Lagrange
family of interpolation functions is used in this study.

Thus, the equation of motion (3) can be put in the following varitional form:

s
n

i=1 g
ti+1

ti

dUT
i {[N� T

i MN� i −NT
i CN� i −NT

i KNi ]Ui +NT
i f} dt= dUT

i Bi , (8)

where Bi is a vector of (k+1) elements containing linear momenta of the dynamic system
at the two ends of the time element, Bi = {−pT(ti ), 0, . . . , 0, pT(ti+1)}T. Since dUi is
completely arbitrary, the finite element approximation at the element level is given by

AiUi +Pi =Bi , (9)

where

Ai =g
ti+1

ti

N� T
i M(t)N� i dt−g

ti+1

ti

NT
i C(t)N� i dt−g

ti+1

ti

NT
i K(t)Ni dt, (10)

Pi =g
ti+1

ti

NT
i f(t) dt, Bi = {−pT(ti ), 0, . . . ,0, pT(ti+1)}T. (11, 12)

Thus, the finite element approximation results in a set of linear algebraic equations in
m×(k+1) unknown nodal displacement vectors for each time element.

4.  

The finite element method in the time domain has the crucial property that the dynamic
response of a system is sought through propagation forward in time. As a result, the nodal
displacement vectors can be solved effectively. In the case of either an initial value problem
or a steady state response, the finite element approximation to the equation of motion can
be obtained element by element without actually assembling the elements. The solution
procedures are described as follows.

4.1. Solution of initial value problems
In the case of an initial value problem, the initial displacement and momentum vectors

of the first time element are prescribed, i.e., u(t1)= u(0) and p(t1)= p(0)=Mu̇(0). The
transient solution requires a propagation of the initial displacement and momentum
vectors forward in time to the end of the first time element and so forth, finally to the end
of the last time element. The propagation for the first element is achieved by solving for
u(t2) and p(t2) from the set of linear algebraic equations (9) and the result is conveniently
described as

6u(t2)
p(t2)7=T16u(t1)

p(t1)7 . (13)
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As a simple matter, this propagation is carried through to element i, yielding the transient
response described by

6u(ti+1)
p(ti+1)7=[TiTi−1 · · · T1]6u(t1)

p(t1)7 . (14)

4.2. Steady state solution
For the steady state solution, the entire time period of interest would equal the period

t of the steady state response sought. That is, tF = tI + t. For example, t=2p/v, for the
fundamental periodic response. The periodic boundary conditions require both
displacements and momenta to be identical at t1 and tn+1, or u(t1)= u(tn+1) and
p(t1)= p(tn+1). This would result in dropping out the boundary term of the right side of
the variational equation (9) when the time elements are assembled to form the system level
solution equations [13, 14, 15].

Since the dynamic response is sought through propagation forward in time, the steady
state solution can be obtained without actual assembly of the global system equations. This
property is similar to that of finite elements in space used in solid mechanics. There exists
a standard procedure of static condensation in the space finite element method, by which
the elemental degrees of freedom that are not involved in satisfying the inter-element
compatibility are eliminated before the element is assembled into the overall system
equations, yielding less unknowns in the system equations [12]. A similar procedure for
finite elements in time is described in reference [16] for obtaining the solution of linear
equations efficiently. It is briefly discussed as follows.

Consider the tangent matrix Ai , the displacement, force, and momentum vectors, Ui ,
Pi , and Bi of linear equation (9) of element i, to be partitioned as

&A
bb
i

–––
Aib

i

=
=
=

Abi
i

––––
Aii

i '8U
b
i

––
Ui

i9+ 8P
b
i

––
Pi

i9= 8B
b
i

––
0 9 , (15)

where superscripts b and i correspond to the temporal nodes at the ends and in the interior
of the current time element separately, and Bb

i = {−pT(ti ),pT(ti+1)}T. Then, the lower part
of the partitioned equation can be solved for Ui as

Ui
i =−(Aii

i )−1Pi
i −(Aii

i )−1Aib
i Ub

i . (16)

When this equation is substituted into the upper part of partitioned equation (15) for Ui
i

and the terms are collected, the remaining term for Ub
i can be written as

A� bb
i Ub

i +P�b
i =Bb

i , (17)

where the reduced tangent matrix and force vector are given by

A� bb
i =Abb

i −Abi
i (Aii

i )−1Aib
i , P�b

i =Pb
i −Abi

i (Aii
i )−1Pi

i . (18, 19)

When the next element is generated, the condensation procedure can be applied
identically, resulting in a similar set of reduced equations. These two sets of reduced
equations are further condensed by imposing compatibility conditions of the displacement
vector and the boundary conditions at the common node of the two elements, yielding the
elimination of the common node. The above procedure is repeated for each remaining
element, and the final set of equations can be written in terms of the initial and final
time nodes UI and UF only. Finally, when the periodic conditions UI =UF are imposed
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for the periodic steady state response, the initial and final nodal displacements can be
solved.

This procedure is the same as Gaussian elimination. Once the boundary nodes have been
computed, then the condensed unknown nodes can be recovered by a back substitution
process for each corresponding condensation. The procedure is continued for all nodes in
the system, allowing a complete solution of the equations to be obtained.

5.     

Stability of any periodic steady state solution obtained above is investigated by applying
Floquet’s theory to determine the eigenvalues of the transition matrix that relates the initial
and final states. This transition matrix is a byproduct of the initial value solution (14), i.e.,

6u(tF )
p(tF )7=[TnTn−1 · · · T1]6u(tI )

p(tI )7 . (20)

Therefore, there is no need for special effort for calculating the transition matrix.

6. 

A four-bar linkage mechanism is used for illustration (Figure 1). The crank of the
mechanism is rotated with a constant angular velocity v=35 rad/s. All links are
considered to be elastic. The spatial finite element model was gernerated using typical
Hermite beam elements with shear deformation. For convenience, each link was modelled
with two beam elements of equal length. There is a total of 18 spatial degrees of freedom.
The forms of mass and stiffness matrices of the beam element can be found in, for example,
reference [6].

Figure 3. Angular deflection at (a) the left end of the coupler, (b) the fixed pivot of the follower.
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Figure 4. Horizontal deflection at the center of the coupler: –·–·, n=20; · · · , n=40; ––, n=50.

Fifty time elements are used for the four-bar mechanism with a fourth order Lagrangian
interpolation function. The fundamental steady state solution is investigated. The
fundamental period t=2p/v, corresponding to a cycle of the crank rotation, was divided
into fifty equally spaced subintervals. Proportional damping was assumed for each link
and the damping ratio was set to be 0·02.

Angular deflection at the left end of the coupler is plotted in Figure 3(a). The angular
steady state response at the fixed pivot of the follower is plotted in Figure 3(b). As seen
from the figure, the elastic deflection of the links are significantly influenced by the
vibration resonance phenomena [6, 5].

Figure 4 shows the steady state response at the center of the coupler in the horizontal
direction, where the deflection is computed with various numbers of time elements, n=20,
40, and 50 respectively. These curves show that the finite element in time approximation
solution converges at n=50.

7. 

The transient and steady state motions of elastic mechanisms are studied with a finite
element method in both the space and the time domains. The conventional spatial finite
element method leads to a linear time-varying model describing the system responses. The
temporal finite element method transforms the resulting dynamic equations into a set of
linear algebraic equations with block-diagonal coefficient matrices. The finite element
method in the time domain is based on a Hamilton’s weak principle, paralleling the
variational methods in elastostatics. This proposed method does not require the modal
analysis technique, and the resulting equations can be solved step by step through
propagation forward in time. An example is included to illustrate the procedures applied
to a four-bar linkage.
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